Motivated by the fact that momentum observables which are modeled in a classical theory as di erence quotients of functions are directly accessible to measurements, whereas di erentials are mathematical idealizations, which are obtained from di erence quotients via a limiting process, we propose a quantization method in which momentum operators are given in terms of q-derivatives, i.e. a particular type of di erence quotient, which is particularly suitable on S 1 . The quantization scheme is obtained from Borel quantization, in which momentum operators are given as di erential operators, via a q-deformation of the kinematical algebra. It will be applied to a system localized and moving on the Npoint discretization S 1 N of S 1 and leads to a discrete, nonlinear Schr odinger equation.
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. The quantization scheme is obtained from Borel quantization, in which momentum operators are given as di erential operators, via a q-deformation of the kinematical algebra. It will be applied to a system localized and moving on the Npoint discretization S 1 N of S 1 and leads to a discrete, nonlinear Schr odinger equation.
In the limit q ! 1, i.e. the continuous idealization, we nd evolution equations which are special cases of the nonlinear Schr odinger equation derived from Borel quantization on S 1 
Introduction
It is suggestive to describe a physical system in terms of those quantities which are measurable. We quote in this connection W. Heisenberg 14] \: : : it seems necessary to demand that no concept enters a theory which has not been experimentally veri ed at least to the same degree of accuracy as the experiments explained by the theory." The measurement of momentum in classical mechanics in concrete experimental situations is related to two consecutive positional measurements f(x 1 ) and f(x 2 ), from which momentum is inferred by the calculation of the corresponding di erential quotient D f := f(x 1 ) ? f(x 2 ) x 1 ? x 2 :
Hence, it is consequent to model momentum by di erence quotients and not by their mathematical idealization, the di erentials. This is a known procedure in classical mechanics. In quantum mechanics, positional observables give the probability to nd a particle in a set, call it B, in the (continuous or discrete) con guration space M. The momentumobservables are quantized via di erential operators and together with the position observables they constitute the kinematics of the system. If one accepts that classical momenta are modeled through di erence operators, it is plausible to look for a quantization of momentumin terms of di erence operators. A di erence operator can be formulated on a con guration space M or a suitable discretization of M as follows: take for example x 2 R, a > 0, then Da f(x) = f(x + a) ? f(x ? a) 2a (2) acts also on the discretization R a = (na; n 2 Z) which is adapted to the di erence operator.
Hence, a kinematics on M with di erence operators leads also to a kinematics on an appropriate discretization of M. The introduction of di erence operators is not unique and one needs a guiding principle. Here we use the fact that the kinematics of usual quantum mechanics carries a Lie algebra structure (see 2.1), and we want to use such di erence operators that the corresponding kinematics arises as a deformation with a reasonable algebraic structure. Here naturally the concept of q-deformation comes in. which means a deformation in the category of Lie algebras, i.e. a deformation of the commutation relations with a parameter q 2 C, so that the new algebra allows for realizations in terms of di erence quotients. The choice of the di erence quotients depends also on the structure of M. In this paper we discuss the simplest compact manifold, i.e. S 1 , where multiplicative di erence operators, called q-derivatives of the following form arise naturally, (the name multiplicative stems from the fact that it is obtained from (1) with x 1 = qx and x 2 = q ?1 x, and q-derivative refers to the fact that the scaling factor is q):
Dq f(x) := f(qx) ? f(q ?1 x) (q ? q ?1 )x = 1
x N x ] f(x); (3) (5) as the q-number of the quantity a, which can be a number or a diagonal operator like N x . In particular, N x ] is composed of shift operators q Nx which act on functions f(x) as q Nx f(x) = f q x : (6) It will be shown in section 4 that for q an N-th root of unity, Dq can be viewed in a natural way as discrete derivative on the N-point discretization S 1 N of S 1 , which is given by the N-th roots of unity. We remark that q-derivatives arise in a natural way in the framework of quantum groups. In particular, the q-number notation a] is also used for diagonal operators already in the de ning relations of a quantum group as given by Drinfel'd 13] .
If the function f depends on two variables, e.g. f = f(x; t), we also use the notation Dq;x , or Dq;t respectively in order to specify on which variable the q-derivative acts. A similar derivative has been introduced in 6]. It is de ned as
and is related to N z ] in (3) via
The q-deformed kinematical algebra, i.e. the classical observables in terms of q-di erence operators, are then used to obtain quantum mechanical position and momentum operators in terms of q-derivatives along the lines of Borel quantization (see section 2) and leads to a discrete Schr odinger equation on the N-point discretization S 1 N of S 1 . During this process, called q-Borel quantization, some physically and mathematically motivated assumptions will be made, which are referred to as q-assumptions, because they are related to the introduction of q-derivatives.
As mentioned above, Borel quantization not only covers the kinematics, i.e. position and momentum observables, but also provides a quantum analog to Newtonian dynamics in terms of an evolution (Schr odinger-)equation for the wave function. In the undeformed case 10] this evolution equation (Doebner Goldin equation, or short DG-equation) contains a nonlinear complex term, which has been studied recently to some extend (e.g. 8, 11, 18] ). It depends on a quantum number D, which is inherent in Borel quantization. However, only the imaginary part of the nonlinearity could be derived explicitly and the real part was xed by plausible assumptions related to the form of the imaginary part 9].
4
The discrete Schr odinger equation on S 1 N obtained via q-Borel quantization, denoted as qSchr odinger equation because it depends on the deformation parameter q = exp 2 i N , contains q-di erence operators instead of di erentials. It displays a peculiarity: It depends on an additional parameter j 2 N which was introduced as a mathematical necessity in connection with the q-deformation of the kinematical algebra (see section 3.1). It introduces an interaction between the points x j , j = 1; : : : ; p with x j = q j x as discussed in section 4.4.
Furthermore, it turns out that the q-evolution on the lattice S 1 N is more restricted than the one undeformed DG-equation on S 1 , because it not only reproduces the latter in the limit q ! 1 (or equivalently N ! 1, because q = exp 2 i N ), but also gives an explicit form for the real part of the nonlinearity, which could not be derived via Borel quantization without deformation of the kinematical algebra.
A q-deformation of quantum Borel kinematics and a related construction of a q-deformed and lattice dynamics from it have not been discussed before. q-deformations of the Schr odinger algebra 7] and of the Schr odinger equation 2,17,20], exist, but were not linked to the above mentioned quantization procedure. The construction of a quantum Borel kinematics on a discrete version of S 1 was also done in 21], but without more realistic q-derivatives and without derivation of an evolution equation. For a discussion of quantum mechanics on S 1 N in terms of q-derivatives see also 16].
The paper is organized as follows: In section 2 we introduce the quantum Borel kinematics and recall the results of the quantum Borel kinematics on S 1 12], giving the position and momentum operators explicitly in terms of the Witt generators and also a family of nonlinear Schr odinger equations. In section 3 we present our q-deformation of the kinematical algebra on S 1 via a q-deformation of the Witt algebra. In section 4 we treat the quantum Borel kinematics on S 1 N , derive a set of nonlinear discrete Schr odinger equations and discuss the limit q ! 1.
Section 5 contains a summary of the results and an outlook.
2 The Quantum Borel Kinematics on S 1 
Introducing Borel Quantization
Borel quantization is a quantization procedure which is designed for systems localized on a continuous con guration manifold M, especially for M with nontrivial topology. The kinematical part was introduced in 1] and the dynamical part in 8,10]. We give a short review of this procedure. Consider the classical position and momentum observables, i.e. smooth real functions f 2 C 1 (M; R) and smooth vector elds X 2 Vect(M) on M. These two mathematical objects span an in nite dimensional Lie algebra S(M) := C 1 (M; R) +Vect (M) (9) which is the natural symmetry algebra on M, denoted also as invariance or kinematical algebra.
Quantization of the kinematical algebra means to construct a (quantization-)map from S(M) into the set of selfadjoint operators in some Hilbert space H is topologically non trivial. The fact that D is real guarantees that P is selfadjoint.
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The operator P is given in terms of the generators of the so-called Witt algebra, and together with Q to the inhomogeneous Witt algebra. To see this, we use a Fourier expansion for f( ); X( ) 2 C 1 (S X n z n ; (14) in which f n = f ?n , X n = X ?n holds. Then (13) yields:
As mentioned already, for each tuple (D; ), these formulae represent unitarily inequivalent quantizations.
If we introduce the notation
If 2 R is a xed constant, then the generators T n and L n L n ful ll the commutation relations:
In this case fL n g span the Witt algebra and fT n ; L n g the inhomogeneous Witt algebra, i.e. fT n g +fL n g.
For variable in L n we get a more general algebra: Note that the generators L n for variable do not form a closed subalgebra; the corresponding generalized Witt algebra has a more complicated structure than the inhomogeneous Witt algebra which it contains as a subalgebra. The generalized Witt algebra (19) has another subalgebra, namely, the one generated by T n ; L n with rational 2 Q, i.e. = p=q, p; q 2 Z, q 6 = 0. Then, for i = p i =q i , i = 1; 2; 3 in (19) we have p 3 = nq 1 p 2 ? mp 1 q 2 , q 3 = q 1 q 2 (n ? m).
We may call this algebra the rational Witt algebra. It also contains the inhomogeneous Witt algebra as a subalgebra. As indicated earlier, di erent xed values of correspond to unitarily inequivalent quantizations, and thus the above algebraic structure relates di erent unitarily inequivalent quantizations in L 2 (S 1 ; d ). The sector for xed is invariant under the inhomogeneous Witt algebra.
Analogously, the rational sector with 2 Q is invariant under the rational Witt algebra.
For convenience, we give the commutators (12) between Q(f), P(X) in terms of the L n and T n :
To de ne a dynamics on these representations of the kinematical algebra we use the generalized Ehrenfest relation (see (11) 
Since this has to hold for arbitrary f, 
Here, j 0 = i
is the quantum mechanical current density. (24) 
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Together with (31) it yields a family of nonlinear Schr odinger equations (DG-family) which depends on ve additional real parameters. In this way, we get via Borel quantization with (20) and (31) a quantum mechanical description of a system localized on S 1 . Its physical importance lies in the fact, that it allows for the description of dissipation and of nonlinear e ects not only on S 1 but analogously e.g. on R n . We emphasize, that the q-deformation of (31) which is derived in the following opens new possibilities which lead to further e ects in q-deformed quantum mechanics.
3 q-Deformation of the Representations of the Kinematical Algebra on S 1
In this section we construct a q-deformation of quantum Borel kinematics on S 1 . We present plausible arguments and assumptions, denoted as q-assumptions, to replace all derivatives by more realistic q-derivatives. In the limit q ! 1 we expect the results obtained in section 2. 
The q-Witt Algebra and the Inhomogeneous q-Witt Algebra
The kinematical algebra on S 1 is the inhomogeneous Witt algebra (18) in 2. To introduce q-derivatives, we construct a q-deformation of L n , i.e. a q-Witt algebra, which reproduces (19) in the limit q ! 1. There are results on the q-deformation of the Witt algebra 3,15,19], but we need a version which is adapted to our purposes, i.e. we make the q-assumption that the deformation should introduce as little extra parameters as possible and no extra derivatives into the generators. The following 1-parameter set with parameter j 2 R + or j 2 N will meet these assumptions:
The extra parameter j is needed to close the q-deformed Witt 
So we get for a q-deformation of fT n g +fL n g an in nite dimensional vector space spanned by L (j; ) m and T n which is closed as a quadratic algebra. Hence, a deformation of subalgebras A and B in a semi direct sum A +B yields a deformation of A +B only if the deformation of the semi direct sum is adequately de ned, in our example with a quadratic commutator.
q-Deformation of Quantum Borel Kinematics on S 1
We connect the q-deformed fT n g +fL (j; ) n g-algebra with a q-deformation of the quantum Borel kinematics (17). Since the subalgebra fT n g is unchanged, we obtain for Q(f)
For P(X) the situation is complicated because it has projection parts in fT n g as well as fL n g. The projection part in fL n g is
A q-deformation according to our deformation rule yields P j q (X) fL (j; )
For the projection part in fT n g,
which formally contains a derivative
it is consequent to apply the deformation rule also here. This is again a q-assumption. We get 
These deformed subalgebras can be combined in a semi direct sum and yield the following commutation relations (note that is xed as in (20) 
i.e. q has to be an N-th root of unity. We remark that in the representation theory of simple quantum algebras a choice q N = 1 is a special case leading to an extra structure, cf. e.g. 4, 5] .
Here, q with q N = 1 is the natural choice. As a consequence, the limit q ! 1 coincides with the limit N ! 1. n on H N . This is due to the fact that L (j; ) n contains shift-operators of the form q jNz , which applied to 2 H N give q jNz (l) = P n n;l (q j z l ) n . But for z l as de ned in (52) and q given by (53) q j z l is only a lattice point (j = 1) . This e ect is called topological interaction and will be discussed in 4.4 in connection with the dynamics. We recall that the introduction of j was mathematically necessary in order to close the q-Witt algebra so that this interaction e ect arises naturally. Finally we remark that theuantum Borel kinematics in (56) is self-adjoint on H N . 
q-
We note, that for q = 1 (57) reduces to (21) 
Due to (55), all terms with k 6 = n + m are zero and it was thus possible to replace n by k ? m.
Using that the left hand side of (57) Nz , it is only well-de ned in our discrete setting { for the same reasons as explained under (56) { if we restrict j 2 N further to j 2 2N (a q-assumption).
It is interesting to calculate at this stage the q-analogue j q of the quantum mechanical current density (25) 
The third and fourth line in (71) are nonlinear, all other terms are linear. The nonlinear terms are independent of and come in addition to the nonlinearity proportional to D which arises from the D-dependent term in (68). We assume in the following = 0 and indicate the result for 6 = 0.
Similarly as (27) in the undeformed case, equation (66) is a constraint for the evolution equation for , i.e. for i@ t , and in analogy to the construction in section 2.2, the following ansatz is plausible (compare with (26) and (27) A calculation shows that in the limit q ! 1, the nonlinearity is independent on j 2 2N.
One always obtains the same imaginary part for the nonlinear functional, i.e. (28) which was also derived without q-deformation. In addition, three types of real parts occur. With the notation R = R 1 + iR 2 = aq Nz + bq Nz + i cq Nz + dq Nz (recall also that = 1 + i 2 ), these limits are (for di erent a, b, c, d, , , , ) given by 
i.e. equal to the limit of the imaginary part, with B = a+b c+d . In the special case R 1 = R 2 = 1, B = 1 respectively.
Finally, we give the result for 6 = 0: 
q-Deformation of the Time-Derivative
So far, we have considered the usual time-derivative @ t . However, it is also possible to replace it by a q-time derivative. This could be useful in the following sense. If we choose R = S = S 1 in (73) (which means that the real part of the nonlinearity is given by (82)), then it is reasonable to ask whether one can construct a Dq;t which compensates this shift. The occurrence of a space shift in Dq;t is in principle possible and sometimes even necessary 7] . It relates the t and -dependence of ( ; t) and leads to a restriction of the evolution equation. This q-assumption corresponds to the following ansatz for a q-Schr odinger equation 
i.e. it is de ned by the time shifts. With (86) and (66) we obtain the same Schr odinger equation in the limit q ! 1 as before, although the q-assumptions are di erent.
Discussion of the q-Schr odinger Equation
The set of q-Schr odinger equations (84) consists of nonlinear di erence equations which contain the parameter j. For q ! 1, some of the nonlinearities vanish, but the D-dependence remains also in the continuous case. It is remarkable that for q ! 1 for all choices for R and S the same nonlinear imaginary part, given by (28), is obtained. Since j occurs in the evolution equations in the combination h j 2 N z i , its interpretation is the following: whereas di erence operators N z ] usually operate on nearest neighbour points, also di erence operators involving next nearest (j=4) and further points come into play, here. Thus the parameter j, which was introduced as a mathematical necessity in (34) in order to close the q-Witt algebra, indicates the range of the interaction between points in S 1 N . In particular, the range of the interaction blows up with j.
It is instructive to write the set of q-Schr odinger equations (84) directly as a di erence equation in dependence of j. We nd are related, i.e. the coe cient j determines the range of \the interaction" (as shown in Fig. 1 N lm = P N?1 n=0 l;n z n l q ln to exhibit the q-dependence.
It is di cult to decide on the range of the interaction, i.e. on j, by physical considerations. Thus, it is suggestive { also in view of the physical meaning of the algebra generated by (49{52) { to assume that all j have to be treated on equal footing, i.e. a democratic regime:
This is consistent with our theory and the nonlinear part G j q and P j q can be treated similarly.
necessary to get a reasonable q-deformation, similarly as for the non deformed case some (but di erent) assumptions are necessary to get a reasonable quantization. The generalized Ehrenfest theorem could be formulated also in the deformed case on S 1 N and it has been an implicit condition for the evolution equation for , which has led to a set of di erence Schr odinger equations parameterized by j 2 N, which are highly nonlinear di erence equations for the time evolution.
This last part is of particular interest. For q ! 1, the di erent time evolutions give the usual Schr odinger equation, but with a xed imaginary and real nonlinear term, depending on the q-assumptions. Borel quantization on S 1 gives the same result, but with an arbitrary real nonlinear term. So, the q-assumptions, necessary for our procedure, lead for q ! 1 to a xed nonlinear term in the Schr odinger equation, which means that one can learn on the continuous case if it is viewed as a limit of the q-deformed case.
We emphasize that the Schr odinger equation derived via q-deformation already on the level of the quantization of the kinematical algebra as presented here di ers qualitatively from those approaches, where discretization takes place via a substitution of di erentials by q-derivatives in the Schr odinger equation. The latter would lead in the framework of Borel quantization as Finally, we remark that our discussion is valid for a particular con guration space, S 1 and its discretization; it would be interesting to derive a similar result for more general con guration spaces. We leave this issue for a future investigation. 
